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Abstract. Described is n-levcl quantum system realized in the n-dimensional "Hilbert" 
space H with the scalar product G taken as a dynamical variable. The most general Lag- 
rangian for the wave function and G is considered. Equations of motion and conservation 
' laws are obtained. Special cases for the free evolution of the wave function with fixed G 

and the pure dynamics of G are calculated. The usual, first- and second-order modified 
Schrodinger equations are obtained. 
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T^j- ■ 1 Introduction 

(N ' 

Configuration spaces endowed with some algebraic structures are of interest in various areas of 
mathematical physics. As a rule, Hamiltonian systems defined on their cotangent bundles have 
certain mathematically and physically interesting features, especially when their Hamiltonians 
qq ' are somehow suited to the mentioned algebraic structures, e.g., are invariant under their auto- 

morphism groups or subgroups. The best known example is the theory of Hamiltonian systems 
on the cotangent bundles of Lie groups or their group spaces (or even more general homogeneous 
spaces) where by the group space we mean the homogeneous space with trivial isotropy groups, 
5_i ■ i.e., groups which "forgot" about having the distinguished neutral element. The special atten- 



tion in applications is paid to Hamiltonians invariant under left or right translations or under 
both of them. The examples are the rigid bodies, incompressible ideal fluids PQ, af finely-rigid 
bodies (see for example [131 E] an d references therein), etc. 

Usually in physics one deals with linear groups, i.e., groups faithfully realizable by finite 
matrices. The only relatively known exceptions are GL(n,R) and SL(n,R), i.e., the covering 
groups of GL(n,R) and SL(n,R) respectively. However, in spite of various attempts of F. Hehl, 
Y. Ne'eman and others (see for example [6J [7| ) , their physical applicability is as yet rather doubt- 
ful and questionable. So, one of the best known examples of Hamiltonian systems on algebraic 
structures are (usually invariant) ones on the cotangent bundles of matrix groups or more gene- 
rally some matrix manifolds. From the purely algebraic point of view, such configuration spaces 
consist of second-order (and non-degenerate) tensors in some linear spaces. Geometrically they 
represent linear transformations. Some questions appear here in a natural way. Namely, it is 
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a rule that all second-order tensors, i.e., not only mixed ones, are of particular importance in 
physics. Twice covariant or contravariant tensors represent various scalar products, e.g., metric 
tensors, electromagnetic fields, gauge fields, etc. In a purely analytical sense all second-order 
tensors are matrices. Obviously, due to the difference in the transformation rules, all they 
are geometrically completely different objects. Nevertheless the natural question arises as to 
the existence of geometrically and physically interesting Hamiltonian systems on the cotangent 
bundles of manifolds of second-order tensors of other type than linear transformations. We mean 
here first of all the manifolds of scalar products, both real-symmetric and complex-sesquilinear- 
hermitian. Also the twice covariant and contravariant tensors without any special symmetries 
may be interesting. 

One of our motivations has to do with certain ideas concerning nonlinear quantum mecha- 
nics. Various ways towards nonlinearity in quantum case were presented, e.g., in the review 
papers [151 116] . from those motivated by paradoxes of the quantum measurement, the interplay 
of unitary evolution and reduction, etc., to certain ideas based on geometry like, for instance, 
the Doebner-Goldin nonlinearity El [5] . However in this article we are motivated by another 
idea. Namely, it is well known that the unitary evolution of a quantum system, described by 
the Schrodinger equation, may be interpreted as a Hamiltonian system on Hilbert space. The 
most convenient way to visualize this is to start from finite-dimensional, i.e., "n- level", quantum 
systems (n < oo). The scalar product is then fixed once for all and is an absolute element of 
the system. The true "degrees of freedom" are represented only by the vector of the underlying 
Hilbert space "wave functions". And here some natural analogy appears with the situation in 
Special Relativity vs. General Relativity: 

• In specially-relativistic theories the metric tensor is fixed once for all as an absolute object, 
whereas all physical fields are "flexible" and satisfy differential equations as a rule derivable 
from the variational principle. The fixed metric tensor is then used as a "glue" to contract 
tensor indices in order to build the scalar density of weight one dependent algebraically 
on fields and their first-order derivatives. 

• In generally-relativistic theories the metric tensor becomes flexible as well, it is included to 
degrees of freedom and satisfies differential equations together with the other "physical" 
fields. Moreover it becomes itself the physical field, in this case the gravitational one. 

One can wonder whether one should not follow a similar pattern in quantum mechanics. 
Just to make the scalar product "flexible" and dynamically coupled to the ^-object, i.e., to the 
"wave function". But, as mentioned, the scalar product is a twice covariant tensor. And so 
we return to the idea of Hamiltonian systems on manifolds of scalar products or more general 
twice covariant or twice contravariant tensors. And the point is that such manifolds carry 
some natural Riemannian, pseudo-Riemannian or hermitian metric structures (almost canonical) 
which are essentially non-Euclidean, i.e., describe some curved geometries on manifolds of scalar 
products. Because of this the coefficients at their derivatives in Lagrangians (as quadratic 
forms of those velocities) are irreducibly non-constant. The resulting Euler-Lagrange equations 
for them, and therefore also for the systems "wave function + flexible scalar products", are 
essentially nonlinear. This is the non-perturbative nonlinearity, i.e., it cannot be interpreted 
as an artificial extra correction to some basic linear background. So, physically this is one 
of natural candidates for the effective and geometrically interpretable nonlinearity in quantum 
mechanics, perhaps somehow explaining the conflict between unitary evolution and reduction, 
which exists essentially due to the linearity of the standard quantum mechanics. 

Beside the above-mentioned physical motivations, one should also stress that such Hamil- 
tonian models are interesting in themselves from the purely geometric point of view. They 
are somehow similar to the (pseudo-) Riemannian metric structures on semisimple Lie groups, in 
particular to the Killing tensor. Nevertheless their algebraic and geometric structure is different. 
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As to our knowledge, such Riemannian geometries have not been yet studied in mathematics. 
One has the feeling that being so canonical as Killing metrics on groups they may have some 
interesting geometric properties and are worth to be investigated. 

2 General problem 

Let us take a set of n elements and some function ip defined on it, i.e., 

jV={l,...,n}eN, ^:N^C. 
Then we can define the "wave function" of the n-level quantum system as a following n-vector 
V' 1 



^ = ^( a ) G c. 



Let H be a unitary space with the scalar product 
G : H x H -> C, 

which is a sesquilinear hermitian form. Then such an H will be our n-dimensional "Hilbert" 
space (C n ). 

So, let us consider the general Lagrangian 

L = cMG s6 (?V 6 - ?V 6 ) + a 2 G m p^ b + [a A G- ab + a 5 H- ab ]^ b 

+ a 3 [G b ~ a + a 9 ?V b ] G- ab + Sl[if>, G] d ~ cb ~ a G- ab G 5d - V ty, G) , (1) 

where 

0[^, G] d ~ cb ~ a = a 6 [G d ~ a + a^i> d ] [G b ~ c + a^ h ] + «7 + a„?ty 6 ] [G dE + og?fy*| 
and the potential V can be taken, for instance, in the following quartic form 

The first and second terms in ([1]) (those with a± and 02) describe the free evolution of wave 
function ip while G is fixed. The Lagrangian for trivial part of the linear dynamics (those 
with 0:4) can be also taken in the more general form / (Ga b ip a ip b ) > where / : R — > R. The term 
with 05 corresponds to the Schrodinger dynamics while G is fixed and then 



l cb 



is the usual Hamilton operator. If we properly choose the constants a\ and 015, then we obtain 
precisely the Schrodinger equation. The dynamics of the scalar product G is described by the 
terms linear and quadratic in the time derivative of G. In the above formulae ip a = tp a denotes 
the usual complex conjugation and cti, i = 1,9, and x are some constants. 

Then applying the variational procedure we obtain the equations of motion as follows 

= a 2 G- ab ^ b + {a 2 G- ab - 2 ai iG- ab )^ b - 2a 8 G- ab ip b G sd ^ d 

oip a 

- 2a 9 (a 6 Ga d G Sb + a 7 G- ab G- cd )^ b {G d ~ c + a 9 ^ d ) 

+ [{2xGc d W^ d ~ oa)Gab ~ a 5 H ab - [a 3 a 9 + aii\Gab]^ h = 
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and 

2n&, Gf ad5 G 5d + 2f#, Gf ad ~ c G 5d + (2xG- cd W^ d - a 4 )?V 



A T 

— r ' "^badc^i i orSr„/. s^ibadc/i . ln..ri TT.c.i.d „ "\ 7/72/6 



+ 2G ds [a 6 G fee ~(G /5 + a# V) + a 7 G b£ (G fs + a 9 ^ f )]G- cd G- ef 

- a 2 ?V 6 + [a 3 a 9 + ai^V + ["sag - ?V 6 = 0, (2) 

where 

+ a 6 a 9 ( + [G b5 + a 9 V^ fe ] + |?V + W 6 ] [G da + asf 8 ^] ) 

+ a 7 a 9 ( V 6 + [G d5 + a 9 ?^ d ] + W^ d + W] + a 9 ?V] ) 

- a 6 [G de ~G /s (G 65 + a 9 ? c > fe ) + G bs G f5 (G da + a 9 #V d )] % 

- a 7 [G bE G ra (G d ~ c + a 9 ^ d ) + G ds G f5 (G bd + a 9 ?V)] <%■ 

3 Towards the canonical formalism 

The Legendre transformations leads us to the following canonical variables 

QJ^ 

■K b = — r- = a 2 Gabi> a + OL\%Gabi> a , 7fg = -37- = OL 2 G- a bi> b - aiiGabip b , (3) 
dV dip* 

v ab = ^ = a 3 [G M + a 9 ^ V] + 20[V», Gf dc ~G c - d . (4) 

The energy of our n-level Hamiltonian system is as follows 

dL ■ b dL • dL 
E = + V-rjT + Gab—^- ~ L 

= a 2 G- ab %^ b ~ {a^G-ab + a 5 H- ab ) #V 6 + ilty, Gf b5d G- ab G- cd + >c{G- ab r^ b f • 
Inverting the expressions (|3|), (JH) we obtain that 

p = —G b ~ a TT b - —iW a , i> b = —G b ~ a w- a + — iip b , 
a 2 a 2 a 2 a 2 

G- ab = in[^, G]-^ d - a 3 [G ds + a 9 ^ d ] ) , 



where 



fe[AGl=A W ,G]ri i ?>W- a6 + ( "- 1)a7 1 ei[ * M 



a 6 (a 6 + na 7 ) \1 + a 9 6>i[V>, G] 

[V,G] =GahW a ^\ 
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ot 2 

OtA I Gab + «5 Hab 



and then the Hamiltonian has the following form 

H = —G ba Tfa7T b + —i(^% b - r^a) ~ \( 

+ ^Slty, G]z b \ d [G M + a 9 r^ b ] [G d5 + a 9 W c ^ d ] + x(G, 6 ^> 6 ) 2 . 

4 Special cases 

4.1 Pure dynamics for G 

First of all, if we consider the pure dynamics of scalar product G while the wave function ip is 
fixed, then from ^ we obtain the following equations of motion 

nfo&, Gf ad ~ c G- cd =(^±- x e 1 [v, g\) + g] {g m + a 9 r^ b ) 

+ a 6 G sd G sf ( 7 [^, G\W** + G]^ - 7 [V, G] b ^) , (5) 

where 

3 [fa G] = G ds G fs G 5d G sf , 7 [V, G] red5M = G fs G ds (G bn + ag^V) ■ 
If we additionally suppose that = as = ag = x = 0, then ([5]) simplifies significantly 

{a 6 G b5 G da + a 7 G te G dc ") (G a - G- cf G^G- ed ) = 0. 
Hence, the pure dynamics of the scalar product is described by the following equations 

G a b — G ad G dc G 5 b = 0. (6) 
Let us now demand that GG -1 is equal to some constant value E, i.e., G = EG, then 

G = EG = E 2 G 

and 

GG~ l G = EGG~ X EG = E 2 G, 
therefore our equations of motion ([6]) are fulfilled automatically and the solution is as follows 

G(t)- ab = (eMEt)f aGocb- 

Similarly if we demand that G _1 G is equal to some other constant E' , i.e., G = GE', 

G = GE' 2 = GE' 2 , 

GG' l G = GE'G~ l GE' = GE' 2 , 

then the equations of motion are also fulfilled and the solution is as follows 

G(t)- ab = Gom {exp(E't)) d b . 
The connection between these two different constants E and E' is written below 

G(0) = Go = GqE' = EG . 
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4.2 Usual and first-order modified Schrodinger equations 

The second interesting special case is obtained when we suppose that the scalar product G is 
fixed, i.e., the equations of motion are as follows 

a 2 ^ a - 2 ai iip a + (2x0i [tp, G] - a 4 ) V° - Oi 5 H a b ip b = 0. (7) 

Then if we also take all constants of model to be equal to except of the following ones 

h 1 

oci = -, a 5 = -1, 

we end up with the well-known usual Schrodinger equation 

ihip a = H a h ip b . 

Its first-order modified version is obtained when we suppose that G is a dynamical variable 
and a2 is equal to 0, i.e., 



ih 



+ a 3 a 9 



2a 8 G a5 G 5b i; b Ge d r^ d 



G a5 G 5b ^ b + (2x0i bP, G] - a 4 ) V 

2a 9 G a£ (a 6 G 5d G sb + a 7 G sb G sd )^ b {G ds + a 9 ^ e V), (8) 



2n^,G] badc G 5d 



ih 




ih 


y - a 3 a 9 




— + a 3 a 9 



2G d ~ a [a 6 G bs (G fE + ag^V) + a 7 G b ~ c (G fE + a 9 ^ f )]G- cd G Ef 
(2x0i ty>, G] - a 4 )?y - 2f^, G] b ~ ad ~ c G- cd . 



We can rewrite ([8]) in the following form 

= H cii a b ^p b , 

where the effective Hamilton operator is given as follows: 



-"eff b — tl i 



ih 

~2 



a 3 a 9 



G ac G- cb + (2x0i ty, G] - 04) ^ - 2a 8 G ac G gfe G e -^ e > d 



2a 9 G ac > 6 G c - d G' e - b + a 7 G- cb G- ed ) (G dE + a 9 ^ d ) . 



4.3 Second-order modified Schrodinger equation 

The idea of introducing the second time derivative of the wave function into the usual Schrodinger 
equation as a correction term is not completely new and has been already discussed in the 
literature. The similar problems were studied a long time ago by A. Barut and more recently 
have been re-investigated by V.V. Dvoeglazov, S. Kruglov, J. P. Vigier and others (see, e.g., [HfTU] 
and references therein; the authors of this article are grateful to one of the referee for pointing 
them to above-mentioned references). Among others there is also an interesting article where 
the authors used the analogy between the Schrodinger and Fourier equations 

The quantum Fourier equation which describes the heat (mass) diffusion on the atomic level 
has the following form 
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If we make the substitutions t — > it/ 2 and T —* tp, then we end up with the free Schrodinger 
equation 

dt 2m 

The complete Schrodinger equation with the potential term V after the reverse substitutions 
t — ► —2it and ip — » T gives us the parabolic quantum Fokker-Planck equation, which describes 
the quantum heat transport for At > r, where r = h/ma 2 c 2 ~ 1CP 17 sec and cr ~ 1 nm, i.e., 

dT ft „ 2V rT1 
— = — V 2 T - — T. 
at m n 

For ultrashort time processes when At < r one obtains the generalized quantum hyperbolic 
heat transport equation 

^d 2 T dT _ ft ~ 2V 
dt 2 dt m ft 

(its structure and solutions for ultrashort thermal processes were investigated in [9]) which leads 
us to the second-order modified Schrodinger equation 

in which the additional term describes the interaction of electrons with surrounding space-time 
filled with virtual positron-electron pairs. It is easy to see that (|9j) is analogous to ([7]) if we 
suppose that 

a\ = — , ai = —2rh, = 0, «5 = — 1, x = 0. 

5 Conservation laws and GL(n, (C)-invariance 

So, if we investigate the invariance of our general Lagrangian (JTJ) under the group GL(n, C) and 
consider some one-parameter group of transformations 

{exp (At) : t £ 1} , AeL(n,C), 

then the infinitesimal transformations rules for tp and G are as follows 

i, a ^ L\^\ G a5 i > L\L%G bE , G- ab ' ^ G- cd L=^- c - a L- ld b , 

where 

L\ = 5\ + eA a b , L-\ « 6% - eA a b , e « 0. 

So leaving only the first-order terms with respect to e we obtain that the variations of ip and G 
are as follows 

5^ a = eA a h ip b , 5^ a = e~A a -^, 

5G a5 = e (A\G b5 + A%G aS ) , 5G- ab = -e{G- cb A 5 - a + G- ad A d b ) , 

then 

1 / QT O T \ 

_ + s^ b ) = G- ab (a 2 t a + A b d i/j d + G- ab (a 2 ^ b - ai # 6 ) A 3 ^ (10) 
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and 

1 AT 

-—r-6GM = -[a 3 {5 b f + a 9 G- af ^ b ) + 2n^,G] bad£ G- af G- cd ]Af b 

€ OGab 

- [q 3 (8% + a 9 G- eb r^ b ) + 2fi[</>, G} bads G, b G- cd ] ~A e - a . (11) 
If we consider some fixed scalar product Go and take the Go-hermitian A's, then 

A\ = G a5 A- cb , A a - C = 2 a G(f , It = A, 
and therefore the expressions (jlOp and (jlip are written together in the matrix form as follows 

J(A) = Tr(VA), 

where the hermitian tensor V describing the system of conserved physical quantities is given as 
follows 

V = a 2 (ip^GGo 1 + G^Gip^) + (aii - a 3 a 9 )^ t GG ~ 1 

- ( 0l t + Q 3 a 9 )Go 1 G^ t - 2a 3 Go 1 - 2(Gq 1 Gu;[i/>, G] + u[i/>, G]GGq 1 ), 

where 

co[i;,G] ba = n^,G] b ~ ad5 G 5d . 

Similarly for the Go-antihermitian A's, i.e., when A' = —A, we obtain another hermitian ten- 
sor W as a conserved value 

J (A) =Tr(i^2), 

where 

iVF = a 2 (^ f GGo 1 - G^G^t) + - asag^GG^ 1 

+ (aii + c^ag^^G^ 1 " + 2(G " 1 Gw[V>, G] - w[V>, G]GGq 1 ). 

6 Final remarks 

This is a very preliminary, simplified finite-level model. It is still not clear whether it is consistent 
with the usual statistical interpretation of quantum mechanics. This model is thought on as 
a step towards discussing the wave equations obtained by combining the first and second time 
derivatives. There are some indications that such a combination might be reasonable. Within 
a rather different context (motivated by the idea of conformal invariance) we studied such 
a problem in [8j [12] where the wave equations with the superposition of Dirac and d'Alembert 
operators were considered. 
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